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Abstract 

We explore the sense in which the state of a physical system may or may not be regarded (an) 
observable in quantum mechanics. Simple and general arguments from various lines of approach 
are reviewed which demonstrate the following no-go claims: (1) the structure of quantum me- 
chanics precludes the determination of the state of a single system by means of measurements 
performed on that system only; (2) there is no way of using entangled two-particle states to 
transmit superluminal signals. Employing the representation of observables as general positive 
operator valued measures, our analysis allows one to indicate whether optimal separation of 
different states is achieved by means of sharp or unsharp observables. 



1. Introduction. 
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:a. 

^'Quantum mechanics is often claimed to be a theory about ensembles only rather than about 
single systems. Yet there is an increasing variety of experiments exhibiting individual quan- 
Q^ tum processes which were conceived, devised and explained on the basis of this very theory. 



Therefore, in order to reach a proper appreciation of the scope of quantum mechanics, it is 
■necessary to spell out the senses in which the theory does or does not apply to individual 
systems. In this contribution we begin with highlighting the individual aspects of quantum 
mechanics (Section 2) and proceed then to show why, in particular, the determination of 
the state of an individual system ought to be impossible for various reasons of consistency 
(Section 3) . Rigorous arguments demonstrating this impossibility are then reviewed, using 
the general representation of observables as positive operator valued measures (Section 4). 
Finally we address briefly the question as to how well two non-orthogonal states can be 
discriminated (Section 5). 



"'^In: Experimental Metaphysics - Quantum Mechanical Studies in Honor of Abner Shimony. 
Eds. R.S. Cohen and J. Stachel. D. Reidel, Dordrecht, to be published, 1996. 
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2. Individual aspects of quantum mechanics. 

Quantum mechanics is commonly formulated in terms of the basic duality of states and 
observables. Given a pair of a state operator p and a self- adjoint operator A representing 
a physical quantity, the number Trace [p^] is interpreted as the expectation value of the 
quantity if measured on an ensemble of systems all prepared in the state described by p. 
Using the spectral decomposition of A, this minimal statistical interpretation extends to 
the probability distribution p"^ determined by p and A, of which the expectation value is 
the first moment. 

In this way the empirical meaning of certain quantum mechanical terms is fixed by 
making reference to the probability structure carried by the theory. But this very structure 
is based on the lattice of subspaces, or orthogonal projections, of the underlying Hilbert 
space. This observation opens up the possibility to introduce relations between states and 
observables which arc no n- probabilistic in the first instance (though equivalent, probabilis- 
tic formulations do exist): a given state p may be an eigenstate of a projection P, meaning 
that one of the following equations holds: 

Pp = p, or Pp = O. (1) 

In such a case a system prepared in the state p can be said to possess the real property 
represented either by P or its complement I — P. So P is real in p if Pp = p, absent in p 
if Pp = O, and indeterminate in p if it is neither real nor absent. The quantum state is 
thus found to have the undoubtedly individual aspect of defining a valuation on the set of 
potential properties represented by the projections. We spell this out with reference to a 
pure state, represented by a unit vector t/j of the Hilbert space, and discrete observables. 

Every observable A of which ip is an eigenvector has a definite value, and the outcome 
of a measurement of such an observable A can be predicted with certainty to yield the 
corresponding eigenvalue as an outcome. It is a distinctive feature of quantum mechanics 
that for any state there are observables of which that state is no eigenvector. This corre- 
sponds to the situation where is a (proper) superposition of eigenstates of an observable 
B, in which case one can still (or only) assert that that observable is indeterminate in the 
state ip, that is, that B does not have a definite value. Considering an ideal, repeatable 
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measurement of B = '^bk\'4>k){'4'k\i then each single system of a collection of equally pre- 
pared systems can be predicted to jump into one of the eigenstates ipkj with the probability 
p^{bk) = \ {ipkli^) \^ ■ The value of the observable B thus becomes determined dynamically 
for each system in the course of such a measurement and can thus be ascertained to be a 
real property of the system in its state after the measurement. 

Quantum mechanics does also allow for the preparation of an individual system in a 
state ^|^•. one may simply perform a repeatable measurement of an observable of which ip is 
an eigenstatc (associated with a nondegenerate eigenvalue). As long as there is a nonzero 
probability for the corresponding eigenvalue, there will be a chance to obtain the desired 
state. Hence a repeatable measurement can be used as a filter for preparing individual 
systems in known states. 

So far we have elucidated the possibilities of obtaining information about properties or 
state descriptions pertaining to a single system after a measurement. The complementary 
question is whether, or to what extent, quantum mechanics allows one to infer, solely on 
the basis of information obtained from a measurement or any sequence of manipulations 
carried out on a single system, in which state that system was prior to the measurement. 
This question of individual state determination has been raised, in particular, in the con- 
text of discussions about proposals of employing entangled quantum states of spatially 
separated systems to effect superluminal signaling [1] . For a long time arguments against 
such a violation of Einstein causality were formulated on the level of more or less realistic 
concrete models of signaling schemes, including considerations of amplification or photon 
cloning processes [2-9]. More recently the issue was touched upon again in quantum in- 
formation theory when it was realized that quantum correlations can be used for the safe 
teleportation of cryptographic keys [10]; yet another context where the question of individ- 
ual state determination arises naturally is the quantum thermodynamics of black holes [11]. 
Meanwhile there do exist abstract and thus completely general proofs of the impossibility of 
individual state determination and some systematic investigations on the problem of opti- 
mizing the state inference [11,12-15]. However, these investigations seem to have remained 
largely unnoticed, and the production of new schemes for individual state determinations, 
while apriori doomed to fail, does not seem to come to an end [16]. Therefore it may be 
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justified to collect those simple and general arguments and show how quantum mechanics 
manages to preclude individual state determination and to protect itself against the other- 
wise desastrous implications. The presentation will be self-contained and occasionally uses 
methods that are different from those applied in the literature. Wc proceed with outlining 
first why individual state determination should be regarded undesirable. 

3. Undesirable consequences of individual state determination. 

Imagine that by some ingenious ISD-procedure it were possible to determine the state of 
a quantum system, represented by a density operator T. It follows, first of all, that one 
were able to decide whether a given quantum system is in a pure or a mixed state. (Of 
course, it would also be possible to distinguish between arbitrary pairs of pure states; we 
return to this case below.) This means that a single measurement on the given system 
alone will suffice to find out whether or not it is entangled with some environment systems. 
Consequently, one would have to realize that the usual quantum mechanics description of 
states as density operators is incomplete: the same density operator T would represent 
two physically distinguishable situations: (1) an ensemble of systems in pure states, the 
distribution of which is described by T; or (2) an ensemble of systems, each entangled with 
another system, so that in each single case T provides the exhaustive description of the 
reduced state. 

Due to this feature, the /^I^-procedure can be used to effect superluminal signal trans- 
mission. In fact, consider an Einstein-Podolsky-Rosen correlated system consisting of two 
spatially separated spin-| particles .4, B in a singlet state, 

* = ;7f(l+'^)l-'^)-|-'^)l+'^))- (2) 

(Here | ±, -z) denotes the eigenvectors of the spin-| operator s^.) A signal would consist 
of one observer's, Bob's, measuring or not measuring some spin component Sn on particle 
B, while the second observer, Ahner, would apply the /5Z)-procedure on particle A to find 
out whether Boh has measured or not: in the first case Ahner would find A in one of the 
pure states | ±,n), while in the latter case he would find A in the mixed reduced state 
\{\+,z){+,z\ + \ — ,z){—,z\) = \l. Hence the /^D-procedure would allow an instantaneous 
detection of which bit of the message was sent from the spacelike distant particle. 
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We note that the alphabet can be easily extended: instead of measuring or not, Bob 
may choose to measure one of a collection of N spin components Sn^,, k = 1, - ■ ■ ,N. In 
that case Abner's ISD-procedure would have to be able only to distinguish between a finite 
number (at least 4) of pure states. We show next that individual state determination is 
indeed impossible in general and also that the unambiguous distinction even of only two 
non-orthogonal states must fail. 

4. Impossibility of individual state determination. 

4.1. State inference from measurement outcomes. The determination of a system's state 
requires that some measurement is performed. Every measurement can be represented by 
some observable whose values are exhibited as the measurement outcomes. In order to 
decide from the outcomes whether or not the system was in a given state (f, there needs 
to be at least one outcome which occurs with certainty if the state was (p, and which will 
certainly not occur if the state was some state ip different from (p. Hence the probability 
for that outcome must be p^, = 1 for the state (p and = for i/;. Since the quantum 
mechanical probabilities are expectations of some positive operators E representing the 
event in question, it follows that ( (p \ Ecp ) = 1 and ( ip \ Eip ) = 0. These equations are 
equivalent to 

E(p = (p and Eip = O (3) 

(cf. remark [17]). Therefore, 

{ifli^) = {Eifli^) = (ifilEi^) = 0, (4) 

which is to say that (p and ip are mutually orthogonal. It follows that no measurement 
exists which would allow one to distinguish unequivocally between any (even a single) pair 
of non-orthogonal states. 

It may be noted that in this argument the usual assumption is not made that the 
operator i? is a projection. For the numbers ( f | E^ ) to represent probabilities, ^ being 
any unit vector, it is formally necessary and sufficient that E is an operator bounded 
between the unit (I) and null (O) operators. These operators are known as effects (as 
compared to properties). An effect for which there are states such that (3) is satisfied 
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belongs to the class of approximate properties [18]; for E it can be asserted that in the 
state (p, E is real while for ■0 the complement I — E is real. 

4.2. Measurement theoretical formulation. There is a measurement theoretical version of 
the argument which exploits the unitarity of the quantum dynamics. This formulation 
has the advantage of allowing a direct confrontation with the concrete model proposals 
put forward in favor of individual state determination [1,16]. In the quantum mechanical 
description of a measurement process, the object system, originally in state (p, is coupled 
with an apparatus (or probe), originally in state (f), by means of a unitary operator U : 
I (f(f)) I— > U I (f(f)) . A measurement will be completed once a pointer observable of the 
probe has been registered. Hence there should be a complete collection Qk of projection 
operators in the probe's Hilbert space (such that Qk = I) whose expectation values 
in the state U \ ip(p) give the probabilities for the occurrence of the outcomes k. This 
measurement scheme, constituted by a probe, a unitary coupling, and a pointer, qualifies 
as a measurement of some observable of the object in the sense that the pointer frequency 
distributions can be interpreted as probabilities in the object's Hilbert space. Indeed, to 
any Qfc there exists an operator E^ associated with the object such that the following 
probability reproducibility condition is satisfied: 



for all states (p. The completeness condition Q]^ = / is inherited by the E^ so that 
Ef, = I. Further, all E^ are positive operators since the expectation values in (5) 
are non-negative. The map k ^ Ek thus constitutes a positive operator valued measure, 
which represents the measured observable. If the E^ happen to be projections, they define 
an observable in the ordinary sense, which may be called a sharp observable-, otherwise 
one is dealing with an unsharp observable. [An account of the general representation of 
observables as operator valued measures can be found in Ref. 18.] 

In order to distinguish between two non-orthogonal states of the object, there 
needs to be a projection operator Q in the probe's Hilbert space such that the corresponding 
probability is 1 for ip and for V^: thus. 




(5) 



QU\ip(l)) = U\ ipcf)) and QU \ ^(f)) = 0. 



(6) 
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It follows that 

{<p(j)\^(t)) = {U^(j)\UiP(j)) = {QU<fi(f)\Ui^(t>) = {Uip(f)\QUilj(f)) = 0. (7) 

The first equality is due to the unitarity of U, and we conclude again that the state 
discrimination works only for orthogonal state pairs. 

This argument is equivalent to the preceding one: if E is the effect associated with Q 
via (5), then (6) yields (3) and vice versa. 

4.3. Why one cannot perform measurements with no state changes. If one could, one 
would be able to repeat the same measurement and obtain the statistics of the meas- 
ured observable by manipulating a single system. Assume a measurement were to leave 
unchanged all states of the object system. This is to say that the expectation values of all 
observables B of the object would remain unchanged, irrespective of what the measurement 
outcome was. Hence the conditional expectation values {B)k would have to coincide with 
the original ones, i.e., 

for all states (p, all B, all k. Since the right-hand-side and the numerator of the left-hand- 
side are sesquilinear functionals of (p, it follows that the expression in the denominator 
must be independent of (p, 

{U<f<t>\Qk\U^(l>) = Afc. (9) 

According to Eq. (5) the measured observable is represented by the operators Ek, which, 
as a consequence of (9), are Ek = Xkl if (8) is to hold. But for such a trivial observable 
the probabilities are the same for all states, so that the measurement scheme in question 
does provide no information at all about the system. 

This reasoning can be refined so as to rule out the following proposal for ISD [16]. 
Suppose a measurement with finitely many outcomes can be performed such that the 
changes of states associated with the outcomes k are described by invertible maps. Then it 
is possible to conceive of further measurements with the same property which, if applied to 
the system after the first, principal measurement, could lead to a reversal of the state change 
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that had occurred in the first instance. Thus, with some nonzero probabihty one would 
have restored the object system's initial state; and by reading the reset measurement's 
outcome, one would know this and could repeat the principal measurement on the same 
system, in the same initial state. It would appear that one eventually could collect the 
statistics of sufficiently many measurements and infer the state of the individual system. 
(Un)fortunately, the scheme just sketched must fall under the general category of meas- 
urement schemes referred to in subsection 4.2 and is therefore doomed to fail to serve its 
purpose. To see why it must fail, we observe that if a measurement procedure leads to no 
state change for one of its outcomes A;, say, then in view of Eqs. (8), (9) the corresponding 
effect E]^ is constant; therefore the probability for that outcome does not depend on the 
object's initial state. In other words, if in a sequence of measurements there is a successful 
reset event, all previous information about the object state is lost. 

4.4. Why the EPR-signaling scheme doesn't work. We consider the 2-letter alphabet ver- 
sion of the signaling scheme where Bob measures either Sx or Sy. Then v4 6ner either receives 
one of the states | ±,x) or one of | ±,y). Abner may measure any observable of particle 
A which might allow him to infer, at least with some probability, in which of the two sets 
the state of A is. Hence there should be an outcome, represented by a positive operator 
E, whose occurrence v46ner would interpret as indicating that the state was one of | ±, x). 
Similarly, the occurrence of any other outcome, the totality of which are represented by 
I — E, would be interpreted as indicating that the state was one of | ±, y). Assuming equal 
apriori probabilities for the two sets of states, the total probability for a correct inference 
is 



l(^^{+,x\E\+,x) + 

+ l(^l{+,y\{I - E)\+,y) + '^{-,y\{I - E)\-,y)) 
= ^Trace E ■ ^(^\+,x){+,x\ + \ — ,x){~,x\j 

+ I Trace [{I - E) ■ l(\+,y){+,y\ + \-,y){-,y\^ 
= \ Trace {E TVace [(/ -E)-\l\ = \. (10) 

Thus correct and wrong inferences are equally likely; there is no way of telling what ob- 
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servable was measured by the distant observer. It would not even help if Abner and Bob 
agreed that every bit of a message would be sent in a large number of copies: if Bob had 
sent the x letter, Abner would receive a finite ensemble of particles which were (roughly) 
equally distributed over the states | +,x), \ —,x); and this would not be distinguishable 
from the corresponding ensemble emerging from sending the y letter. Thus the message is 
blurred as soon as one tries to employ statistical procedures. 

This fact has provoked the proposal that a particle incoming at the receiver's end 
should be subjected to an amplification process by which hopefully its state could be cloned 
and determined from the ensemble of copies. In other words, the question is whether there 
exists some form of amplification procedure, followed by a measurement performed on the 
amplified system, which would allow Abner to infer with certainty whether that individual 
system was in one of the states | | say. However, the process thus described 

constitutes a measurement procedure performed on these non-orthogonal states, so that 
the no-go arguments of the preceding subsections immediately apply to this situation. 

5. Optimal state discriminations. 

Being unable to achieve perfect state inferences, then how well can one distinguish between 
two non-orthogonal states [12-15]? Given one of the non-orthogonal states (p, ijj, with equal 
apriori probabilities, one may ask which measurement would maximize the probability of 
correct inferences. Thus, again, there ought to be an outcome, represented by a positive 
operator E, whose occurrence is more likely in the state (f than in ■0, so that one would 
infer that the state was ip. Accordingly, the probability for an outcome corresponding to 
I — E is more likely if the state was ip rather than (p. The total probability of a correct 
inference is 



It is obvious that this expression is maximal if E is the spectral projection associated 
with the positive eigenvalue of the operator \(p){(p\ — The eigenvalues are easily 




(11) 
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determined to be ±-\/l — | | t/;) so that the maximal available probability is 

1 



Pmax — 2 



l + ^l_|(^|^)|2j. (12) 
As an example, in the case of a spin-| system and with (/? =| +,a;), if) =| one finds 

Pmax = i [2 + 72] « 0.85. 

There are other ways of formulating an optimization problem. For instance, one may 
conceive of a measurement scheme which allows one to infer (f and ip with certainty from 
some distinct outcomes, but at the price that there are some further outcomes from which no 
unique inferences are possible. Thus there should be (at least) three outcomes, represented 
by the probe projections Qi, Q2-, Qs (where Qi + Q2 + Q3 — I), such that 

Q2Uip(f) = 0, QiUij(j) = 0. (13) 

Under these circumstances it is evident that the state must have been resp. ijj, if the 
outcome is 1, resp. 2. According to Eq. (4) there are three positive operators Ei,E2,E2 
associated with the object system, which allow one to rewrite Eqs. (13) as 

E2(fi = 0, Eiip = 0. (14) 

We wish to maximize the probability of correct inferences (assuming again equal apriori 
probabilities) , 

p = ^{^\Ei^) + ^{i;\E2i^). (15) 

There is a constraint: the residual operator E3 = I — Ei — E2 must be positive, 

{^\{I-Ei- E2)i ) > for all states ^. (16) 

For the sake of simplicity we consider only the case where the object's Hilbert space 
is two-dimensional (e.g., a spin-i system). Then the conditions (14) imply that Ei,E2 are 
of the form 

El = ei(l-|^)(^|), E2 = e2(l-|<^)(^|). (17) 

Note that the positivity condition (16) forbids ei,e2 to assume their maximal value 1; 
this is to say that the operators Ei^E2.,E^ cannot be projections. In other words, they 
constitute an unsharp observable of the object [18]. Inserting (17) into (15) yields 

P = ^(ei + e2)(l-|(¥p|V')|'), (18) 
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< l-(e2 + e2)+eie2(l-|(¥'|V')l'), (19) 
Noting that the probabihty p increases with increasing ei,e2, we solve (19) for ei, 

ei<-i^, w^{l-\{^W\^), (20) 
1 — ^ ' 

and insert this into (18): 

V < lfie2)w, f{e2) = (21) 
2 1 — e2W 

The function /(e2) is maximal at 62 = ^ [l — a/I — iv\ , for which the maximal value of ei 
according to (20) is ei — 62- Therefore the maximal value of p is 

Pmax = l-\{ip\ll^)\ at 61=62 = :; 1 / I , , I ■ (22) 

1+ I (<^|'0) I 

This reproduces the result of Jaeger and Shimony [15] and underlines it with the 
observation that optimal state inference in the present sense and case is achieved with a 
measurement of an unsharp rather than sharp observable. 

6. Conclusion. 

Is the quantum state (an) observable? In physics one wants to find out about the state 
of a system; and all one can do is to perform measurements of some observables. There is 
no way to obtain a unique determination of an unknown state from a single measurement 
outcome. The reliability of the state discrimination decreases with increasing similarity 
between the two states under consideration, measured in terms of their inner product. 

It may be worth recalling that there are measurement procedures of a single observable 
which give complete statistical information about the state of a system [18]. Such an 
informationally complete observable is necessarily unsharp. In fact for any sharp observable 
A, the vectors ijj and e'^-^^'^^i/j represent in general difi'erent states [if ip is not an eigenvector 
of f{A)]; but these states have the same A distributions. 

We conclude that the quantum state is not an observable but not unobservable. 
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